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Abstract
We give a conditional finite-error reconstruction certificate for the three-parameter two-

field inverse problem of P01. A controlled quadratic-kernel remainder is converted into an
isolated-pole error and combined with measurement uncertainty, including shared systemat-
ics. An exact structured residual yields componentwise bounds for the reference parameters
and heavy scale. Explicit inequalities connect a total error budget, requested reconstruction
accuracy and one common momentum/frequency validity domain. Indistinguishable-model
bounds show why fixed absolute errors obstruct uniform heavy-scale recovery near the ex-
ceptional locus and in shrinking observation windows. Allowed background operators can
alter the leading light slope, so engineering dimension alone cannot justify a high-power
momentum remainder. The results specialize established inverse and spectral-perturbation
methods; they supply neither missing Wilson/loop bounds nor a numerical physical cutoff.
A physical heavy-gap interpretation requires a separate heavy-pole certificate. The original
exact P01 classification is unchanged.

1 Scope and fixed model
The scientific content of the original P01 manuscript is unchanged. It classifies exact light-pole
data in the classical domain

a > 0, B > 0, 0 < r < 1, q = 1 − r, M = rB, N = qB.

Writing x = k2 and y = ω2, its spectral polynomial is

F (y, x) = y2 − [B + (a+ 1)x]y + ax2 + rBx. (1)

The lower root satisfies 0 < y−(x) < x for x > 0, and its squared heavy gap is B = y+(0).
Three distinct positive known momenta identify (a,B, r) off a = r. At a = r the entire light
branch is rx for every B > 0. These facts are prior results of P01, not new claims of this
supplement.

The scalar realization uses σ0 = 0, θ0 = vt and

L = 1
2(∂σ)2 + 1

2(1 + gσ)(∂θ)2 − 1
2gv

2σ − 1
2m

2σ2 + C
[
(∂σ · ∂θ)2 − (∂σ)2(∂θ)2],

with M = m2, N = g2v2 and a = 1 − 2Cv2. We use Ys = (∂σ)2, Yt = (∂θ)2 and Z = ∂σ · ∂θ
below. The reference metric, background convention, field and source normalization are fixed.
Gravity is nondynamical. An EFT interpretation adds assumptions about matching, omitted
operators, loops and a validity domain; the displayed classical action does not supply those
assumptions.
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2 A conditional interface for omitted EFT terms
The retained P01 pole and its Taylor remainder do not bound omitted operators. For fixed
physical frequency, reference metric, field normalization, background and matching convention,
write the corrected quadratic kernel as

K = P0 + E, P0 =
(
y − ax− rB −iDω

iDω y − x

)
, y = ω2, x = k2, D2 = (1 − r)B. (2)

Here a > 0, B > 0, 0 < r < 1. The existence and control of K are additional physical premises.
No numerical Wilson-coefficient, loop, background-error or cutoff bounds are supplied by the
original action.

2.1 Background insertions and matching

Engineering dimension does not determine the momentum order of a quadratic correction on
a rolling background. For example, the allowed operators

δL = ctY
2

t + cstYsYt + cZZ
2

Λ4 + λσ2Yt

2Λ2 (3)

give, on σ = s, θ = vt+ π, with h = v2/Λ4,

δL2 = h
{
ct[6π̇2 − 2(∇π)2] + cst[ṡ2 − (∇s)2] + cZ ṡ

2
}

+ λv2s2

2Λ2 , (4)

E11 = 2h[cst(y − x) + cZy] + λv2/Λ2, E22 = 4hct(3y − x), E12 = E21 = 0. (5)

For the last operator alone, put d = λv2/Λ2 and suppose M − d > 0, where M = rB. The
corrected reference parameters are M ′ = M − d, B′ = B − d, and

r′ − r = −d(B −M)
B(B − d)

, y′
−(x) − y−(x) = (r′ − r)x+O(x2). (6)

For nonzero allowed d, this rules out a remainder bounded by a finite constant times xp, p > 1,
on an interval approaching zero. No numerical value of λ is assumed.

One may either keep the original reference parameters and include all such terms in E,
or define matched parameters by explicit renormalized conditions. Terms absorbed by those
conditions must not be counted twice. A generic corrected quadratic action need not lie in
the same three-parameter family: a changed intrinsic π speed cannot be reset to one by field
normalization in the fixed reference metric. Field redefinitions require the induced higher-order
terms to be retained or bounded [1, eqs. (5.1)–(5.3)].

2.2 A hard kernel envelope requires a domain contract

Let an omitted operator of dimension dj have coefficient cjΛ4−dj and quadratic Fourier Hessian
Qj,ab. Suppose independently justified bounds |cj | ≤ Cj are given, and the kernel discrepancy
equals an absolutely uniformly convergent operator sum plus a remainder L. On a declared
domain T ,

hab(T ) =
∑

j

CjΛ4−dj sup
T

|Qj,ab| + sup
T

|Lab| =⇒ sup
T

|Eab| ≤ hab(T ). (7)

Operator multiplicities and Hessian factors belong in this sum. L includes any unrepresented
loop, matching or background error; setting it to zero requires justification.
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A useful conditional implementation is Eab = Λ2∑
α dab,αt

α +Lab, with |dab,α| ≤ Wab,α and
|tj | ≤ qj . Then hab ≤ Λ2∑

αWab,αq
α + ℓab. If the omitted total degrees start at n0, all qj ≤ q,

and the aggregate shell satisfies
∑

|α|=nWab,α ≤ AabR
n, then

hab ≤ Λ2Aab
(Rq)n0

1 −Rq
+ ℓab, Rq < 1. (8)

This assumes an actual convergent representation and a hard coefficient envelope. It does not
follow from power counting or naturalness. Background ratios can carry total degree without
adding external momentum powers.

The domain contract must specify a stationary corrected background, local field normaliza-
tion, matching/renormalization convention, analytic sheet, thresholds, and quantitative control
of momentum, frequency, masses and background ratios. With declared domain sizes K∗ and
Ω∗, every root tube used below must satisfy

√
x ≤ K∗,

√
y−(x) + ρ(x) ≤ Ω∗. (9)

The ratios K∗/Λ, Ω∗/Λ, m/Λ, |D|/Λ and |v|/Λ2 must also lie in the independently proved
expansion domain. Merely declaring them small is not a remainder theorem. In particular,
massless thresholds or dissipative loop corrections may obstruct the real isolated-pole assump-
tions below.

2.3 From determinant error to an isolated pole

Fix x > 0 and a parameter candidate. Set y0 = y−(x), g = y+(x) − y0 =
√

∆(x) > 0, and
F (y, x) = (y − y0)(y − y0 − g). Choose 0 < ρ < min(y0, g/2) and use the analytic square-root
branch positive at y0 on T = {|y − y0| ≤ ρ}. Define

p11 = |y0 − ax− rB| + ρ, p22 = |y0 − x| + ρ, (10)
p12 = p21 = |D|

√
y0 + ρ. (11)

For entry bounds |Eab| ≤ hab on T , the determinant identity gives

R = det(P0 + E) − F

= P22E11 + P11E22 − P12E21 − P21E12 + E11E22 − E12E21, (12)
|R| ≤ ϵF := p22h11 + p11h22 + p12h21 + p21h12 + h11h22 + h12h21. (13)

Here hab has mass dimension two and ϵF has dimension four.

Conditional pole certificate. Suppose G = F +R is holomorphic on a neighborhood of T
and

sup
T

|R| ≤ ϵF < ρ(g − ρ). (14)

Then G has exactly one zero in T , counted with multiplicity, and

|ỹ − y0| ≤ eEFT(x; p) := 2ϵF
g +

√
g2 − 4ϵF

< ρ. (15)

If G(y) = G(y), the zero is real, positive and simple. Indeed, on the boundary |F | ≥ ρ(g−ρ) >
|R|, so Rouché’s theorem preserves the single zero. At the perturbed zero, t(g− t) ≤ ϵF , where
t = |ỹ − y0| < ρ < g/2. Monotonicity of t(g − t) yields (15). Conjugation and uniqueness give
reality; ρ < y0 gives positivity. This is an explicit specialization of standard nonlinear spectral
localization [2, Lemma 2.1 and Theorem 4.4].
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Alternatively, a real C1 determinant on [y0 − ρ, y0 + ρ], the same supremum bound, and
sup |∂yR| < g−2ρ imply the same unique-root conclusion: the endpoint signs differ and ∂yG < 0
throughout. A bound only on the unperturbed shell is insufficient. For example, R = −F + ε
has arbitrarily small R(y0) = ε ̸= 0 but G = ε has no zero.

The enclosed zero is the continuation of the P01 light pole. To identify it as the lowest
positive pole of a more general kernel, exclude additional zeros and kernel singularities below
the tube; one sufficient real test is |R| < F on 0 ≤ y ≤ y0 − ρ. The local theorem is not a
global ghost-freedom statement. Source observability and any positive spectral-weight claim
require additional premises or certificates: K = −P0 has the same determinant but reverses
response residues. Without Schwarz reality it encloses a complex zero, whose relationship to a
real spectral peak needs another observation model.

At a = r, the forward gap is g = B + (1 − r)x > 0, despite the inverse ambiguity in B.
Thus the forward gap cannot replace separation from the inverse degeneracy. The light disk
theorem itself is restricted to x > 0.

2.4 Heavy gap and joint inverse inputs

The reconstructed B is a matched reference parameter. To interpret it as the corrected heavy
squared gap, require a separate tube centered at B at x = 0. If 0 < ρH < B/2, the analogous
hypotheses and ϵH < ρH(B − ρH) hold, then

|B̃ −B| ≤ eH = 2ϵH
B +

√
B2 − 4ϵH

. (16)

This requires domain control up to |ω| ≤
√
B + ρH and a justified heavy-mode label. It does

not follow from a light-tube bound. An interval B ∈ [BL, BU ] and a uniform e∗
H < BL give a

heavy frequency interval [
√
BL − e∗

H ,
√
BU + e∗

H ]. The mixing-enhanced gap is already present
in the forward literature [3, eqs. (7)–(11)]; a single-field reduction scale is not automatically
the retained two-field UV cutoff.

At exact momenta, bounded squared-frequency measurement error combines as

|ŷi − y−(xi; p)| ≤ emeas,i + eEFT(xi; p). (17)

For P01’s fixed mass normalization µ, divide this sum by µ2 before using the dimensionless
inverse certificate. If the measured error is |ω − ω̂| ≤ η, first use |ω2 − ω̂2| ≤ 2|ω̂|η + η2.
Parameter-dependent envelopes require a proved supremum over a justified candidate set or a
candidate-dependent feasibility calculation. Evaluation only at an unvalidated fit is circular.

Correlated deterministic measurement and model sets combine by a Minkowski sum; point-
wise boxes are outer enclosures. Set-membership inference is established methodology [4,
eqs. (1)–(4)], as is the distinction between structural and practical identifiability [5, Sec. 2.3].
Statistical EFT truncation models [6, 7] require their own priors; their credible intervals do
not supply hard support bounds for P01.

The unequal-speed forward spectrum also predates P01 [8, eqs. (4.17), (4.21)]. The present
contribution is a conditional specialization connecting controlled kernel errors to this inverse
problem. The same parameter set, data nodes and error budgets must satisfy the expansion-
domain, pole-gap, inverse-conditioning, admissibility and desired heavy-scale-accuracy condi-
tions. The available P01 inputs do not establish a nonempty physical window satisfying them,
nor a comprehensive priority claim for this composition.
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3 Finite reconstruction with joint observation and EFT pole
errors

The following result is conditional on a declared observation model and a separately certified
omitted-EFT pole remainder. It supplies neither physical Wilson-coefficient bounds nor a
cutoff, and makes no novelty claim about general matrix perturbation methods. The original
P01 exact three-point identifiability result is an input.

3.1 Units, error sets, and the EFT interface

Let xi = k2
i be three distinct positive, exactly known squared momenta. Fix a known reference

mass µ > 0, independently of the inferred parameters, and put

ui = xi/µ
2, vi = y−(xi)/µ2, v̂i = ŷi/µ

2, p = (a, β,m)T = (a,B/µ2,M/µ2)T . (18)

The domain is a > 0, β > m > 0; r = m/β and N = B − M . Here y = ω2. The observation
contract is

ŷi = yphys(xi) + eobs
i , yphys(xi) = y−(xi; p∗) + eEFT

i . (19)

For a stated joint set J of measurement errors and EFT pole shifts, define the dimensionless
total error set

δ = v − v̂ ∈ E = −µ−2{eobs + eEFT : (eobs, eEFT) ∈ J }. (20)

Marginal deterministic sets may be combined by a Minkowski sum, without an independence
assumption. Known shared calibration variables and joint restrictions should be retained.
Component envelopes |δi| ≤ ei = (ϵobs

i + ϵEFT
i )/µ2 are sufficient but can lose correlation infor-

mation. Momentum calibration errors are outside this theorem, including an unknown common
momentum scale.

The EFT input must bound the displacement of the relevant continuation pole in squared
frequency. For example, a separately proved root-tube certificate may give, with g = y+ −y− >
0,

ϵEFT(x; p) = 2ϵF (x; p)
g(x; p) +

√
g(x; p)2 − 4ϵF (x; p)

. (21)

Its hypotheses include control of the determinant discrepancy throughout a valid tube |y−y−| ≤
ρ, with 0 < ρ < min(y−, g/2) and ϵF < ρ(g − ρ), and the relevant analyticity and reality
hypotheses, or an appropriate real derivative alternative. Those hypotheses are supplied by
the separate EFT argument; they are not consequences of reconstruction. A tube certificate
identifies the continuation pole, without by itself excluding additional lower poles of a more
general kernel.

If the majorant depends on p, a uniform error set requires a supremum over an independently
justified candidate set containing p∗. Alternatively, retain δ(p) ∈ E(p) in a set-membership
computation. A majorant evaluated only at the fitted center is insufficient. Using the resulting
error box to justify its own EFT majorant needs a separate localization or exclusion argument.
Naturalness and power counting alone provide no hard numerical error bound. For frequency
errors the finite conversion is |ω2

phys − ω̂2| ≤ 2|ω̂|ϵω + ϵ2ω; correlations must also be transformed.
Complex or damped poles require a different observation model.

3.2 An exact structured residual and a finite theorem

For zi = vi/ui, define

A(v)i· = [ui(1 − zi),−zi, 1], f(v)i = uizi(1 − zi). (22)
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Every matching reference model obeys A(v)p = f(v). If Â = A(v̂) is invertible, form

T = Â−1, p̂ = Tf(v̂), di = â+ 1 − 2ẑi + β̂/ui. (23)

Put
L(δ)i· = [δi, δi/ui, 0], ψi(δ) = diδi − δ2

i /ui. (24)

Direct substitution yields the exact identity

(I − TL(δ))(p− p̂) = Tψ(δ). (25)

It preserves the dependence between data-matrix and right-hand-side errors.

Finite reconstruction theorem. Let E be nonempty and bounded. Choose certified non-
negative bounds

Kj1 ≥ sup
δ∈E

∣∣∣∣∣∑
i

Tjiδi

∣∣∣∣∣ , Kj2 ≥ sup
δ∈E

∣∣∣∣∣∑
i

Tjiδi/ui

∣∣∣∣∣ , Kj3 = 0, (26)

gj ≥ sup
δ∈E

|(Tψ(δ))j |. (27)

If the spectral radius ρ(K) < 1, every admissible reference model consistent with the declared
observation/error contract obeys

|p− p̂| ≤ R = (I −K)−1g (28)

componentwise. Moreover, A(v̂ + δ) is nonsingular for every δ ∈ E .

Proof. Equation (25) implies |p − p̂| ≤ g + K|p − p̂|. The inverse (I − K)−1 =
∑

n≥0K
n

exists and is nonnegative, proving the bound. If (I − TL)w = 0, then |w| ≤ K|w| forces w = 0
by the same argument. This proves the nonsingularity statement. All data-error powers in the
original quadratic equations are retained. □

Only a two-dimensional test is needed:

K11 < 1, K22 < 1, D = (1 −K11)(1 −K22) −K12K21 > 0. (29)

For this nonnegative K with zero third column, these conditions are equivalent to ρ(K) < 1.
They give

Ra = (1 −K22)g1 +K12g2
D

, Rβ = K21g1 + (1 −K11)g2
D

, (30)

Rm = g3 +K31Ra +K32Rβ. (31)

Rational arithmetic or outward-rounded interval bounds can verify the strict inequalities. Fail-
ure is inconclusive, not a physical instability or a general impossibility result.

For a box |δi| ≤ ei, one valid choice is

Kj1 =
∑

i

|Tji|ei, Kj2 =
∑

i

|Tji|ei/ui, gj =
∑

i

|Tji|(|di|ei + e2
i /ui). (32)

For correlated errors δ = Hξ, |ξl| ≤ 1, define for a row w

k1(w) =
∑

l

|
∑

i

wiHil|, k2(w) =
∑

l

|
∑

i

wiHil/ui|, (33)

G(w) =
∑

l

|
∑

i

widiHil| +
∑

l

|
∑

i

wiH
2
il/ui|

+ 2
∑
l<h

|
∑

i

wiHilHih/ui|. (34)
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Use Kj· = (k1(Tj·), k2(Tj·), 0) and gj = G(Tj·). Linear supports are exact; G is a valid quadratic
triangle bound. For a single shared nuisance δ = st, |s| ≤ ϵ, the exact residual support is

gj = ϵ|
∑

i

Tjiditi| + ϵ2|
∑

i

Tjit
2
i /ui|. (35)

Other error geometries use (27) directly.

3.3 Output parameters and prescribed target accuracies

For any fixed row h, form bounds gh,Kh1,Kh2 by replacing the row Tj· by hT in (27). Then

|h(p− p̂)| ≤ Eh = min{
∑

j

|hj |Rj , gh +Kh1Ra +Kh2Rβ}. (36)

Write Rn = E(0,1,−1), r̂ = m̂/β̂. Sufficient admissibility margins for the certified enclosure,
including its n projection, are

â > Ra, β̂ > Rβ, m̂ > Rm, β̂ − m̂ > Rn. (37)

The finite output bounds are

|a− â| ≤ Ra, |B − B̂| ≤ µ2Rβ, (38)

|M − M̂ | ≤ µ2Rm, |N − N̂ | ≤ µ2Rn, (39)

|r − r̂| ≤ Rr =
E(0,−r̂,1)

β̂ −Rβ

, |
√
B −

√
B̂| ≤ RH = µRβ√

β̂ +
√
β̂ −Rβ

. (40)

The ratio identity is r − r̂ = (∆m − r̂∆β)/(β̂ + ∆β). The square-root expression is the
largest deviation on the certified symmetric β interval. A true-relative B error is bounded by
Rβ/(β̂ −Rβ). Given absolute targets τa, τB, τr, τM , τN , τH , check (29), (37), and

(Ra, µ
2Rβ, Rr, µ

2Rm, µ
2Rn, RH) ≤ (τa, τB, τr, τM , τN , τH). (41)

Also |â− r̂| > Ra +Rr is a convenient explicit separation margin from the exceptional locus.
Here

√
B is a matched reference heavy-gap parameter. A separately certified physical heavy

root at x = 0 with |Y phys
H −B| ≤ ηH permits, with TH = µ2Rβ + ηH < B̂,

|
√
Y phys

H −
√
B̂| ≤ TH√

B̂ +
√
B̂ − TH

. (42)

A light-root bound does not provide that heavy-root certificate or ensure that the required
heavy-energy tube is within the EFT domain.

The theorem bounds every compatible model; an empty compatibility set is not successful
physical inference. An admissible three-point algebraic fit does not establish the EFT assump-
tions or adequacy over an entire dispersion curve. Existence/model adequacy must be supplied
separately for a statement about the physical system; further observations can test it.

3.4 Comparison with the original P01 bound

Let EA = maxi ei(1 + 1/ui), Ef = maxi(|1 − 2ẑi|ei + e2
i /ui) and α = ∥T∥∞EA. For (32), with

ι = (1, 1, 1)T ,
Kι ≤ αι, g ≤ ∥T∥∞(Ef + EA∥p̂∥∞)ι. (43)
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Therefore whenever the original P01 condition α < 1 holds, the new condition also holds, and
each new coordinate radius is no greater than the original scalar bound. This is a dominance
result for the displayed certificates, not an optimality theorem. Correlation can improve it
further. An exact rational witness uses a = 4/5, β = 2, r = 1/3 and u = (5/9, 20/9, 20/3). For
shared additive error δ = s(1, 1, 1), |s| ≤ 1/150, the original test has α = 1.12, whereas the
structured test passes with (Ra, Rβ, Rm) ≃ (0.021643, 0.398095, 0.187692) and Rr ≃ 0.034330.
These are synthetic arithmetic witnesses, not measurements or a physical error model.

3.5 Local conditioning and the limits of uniform recovery

At exact admissible data, put D = diag(a + 1 − 2zi + β/ui). Its entries equal the positive
dimensionless pole gap divided by ui, and implicit differentiation gives

dp = A(v)−1D dv. (44)

For a fixed interior model with a ̸= r and distinct positive nodes this is finite. The finite
theorem gives a nonzero error neighborhood. On compact parameter sets separated from a = r
and the domain boundaries, with β bounded above and below and nodes in a compact positive
interval with a positive separation, continuity gives uniform finite conditioning and a sufficiently
small uniform error radius. It does not guarantee experimentally useful tolerances.

At a = r, the entire reference light branch is v(u) = ru, independently of β. If the declared
error set contains such data, their matrix is singular. Consequently no sound K satisfying
the theorem’s test can certify that set: apparent rank generated by noise cannot restore the
missing information.

For a quantitative approach to this locus, fix r ∈ (0, 1), distinct β1, β2 > 0, and a = r+ε > 0.
The P01 identity u(1 − z)(a− z) = β(z − r) and monotonicity imply

|vj(u) − ru| ≤ |ε|u2/βj , sup
0≤u≤U

|v1(u) − v2(u)| ≤ |ε|U2(1/β1 + 1/β2). (45)

The parameter separation stays fixed while the complete light-pole traces approach each other.
If a deterministic sup-norm error radius is at least half this bound, a midpoint trace is com-
patible with both candidates. No estimator using only this experiment can guarantee absolute
β error less than |β1 − β2|/2 for both. This assertion requires error sets containing the two
deviations; it does not apply automatically to every restricted correlation geometry, other
observables, or additional priors.

There is a separate low-momentum obstruction. Fix r and nonzero b, and choose two
admissible models with aj = r + βjb/(1 − r). They share

vj(u) = ru+ bu2 + cju
3 +O(u4), cj = −b(1 − r)/βj − b2/(1 − r). (46)

If K3j ≥ sup[0,U ] |v′′′
j |, Taylor’s theorem gives the finite bound

sup
[0,U ]

|v1 − v2| ≤ (K31 +K32)U3/6. (47)

For aj ≥ r, one explicit bound is

K3j = 3(1 − r)|aj − r|
β3

j

[2βj(aj + 1 − 2r) + 2(aj − 1)2U ], (48)

using ∆ ≥ β2
j . The same midpoint argument applies. For nodes ui = hti of fixed distinct

positive ratios, the exact determinant has leading term

detA = b(1 − r)2

β
h3 ∏

i<j

(tj − ti) +O(h4). (49)
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The finite bound above, rather than an asymptotic estimate alone, supplies the obstruction at
fixed error tolerance.

A narrow band around u0 > 0 is also distinct from a low absolute momentum. Fix ad-
missible z0 and s = z′(u0) from a nonexceptional model. A local family sharing these data
satisfies

[su0 − (1 − z0)]a+ sβ = −(1 − z0)z0 − su0(1 − 2z0), (50)
m = βz0 − u0(1 − z0)(a− z0). (51)

The coefficient su0 − (1 − z0) equals −(1 − z0)[β+u0(1 − z0)]/[β+u0(a+ 1 − 2z0)] < 0. Thus β
can vary locally while admissibility persists and both v(u0), v′(u0) remain fixed. If |v′′

j | ≤ K2j

on |u− u0| ≤ w, then
sup |v1 − v2| ≤ (K21 +K22)w2/2. (52)

For aj ≥ rj , K2j = 2(1 − rj)|aj − rj |/βj suffices. This is an experiment-specific obstruction,
not a proof that all methods or additional response data must fail.

3.6 A common momentum/energy window and probabilistic inputs

A useful window must simultaneously meet the following requirements. Three distinct, exactly
calibrated nodes satisfy 0 < xi ≤ K2

max. For every relevant candidate, the complete EFT
root tube lies in the separately proved momentum, frequency, and background domain; in
particular y−(xi; p)+ρi(p) ≤ Ω2

max. The determinant and root-tube hypotheses hold uniformly,
or remain explicit in candidate-dependent membership. The combined error set then passes
(29), (37), and the target test (41). Where the EFT assumptions require the explicit heavy
scale to be below a specified energy limit, the upper enclosure µ

√
β̂ +Rβ must also respect

that limit;
√
M,

√
N ≤

√
B in the admissible reference model. A physical-heavy-gap claim

needs its separate root tube. Since 0 < y− < x, a conservative reference-frequency envelope is
Ω2

max ≥ K2
max + sup ρ, but this does not itself prove EFT validity. There is no unconditional

assertion that such a common window is nonempty. An upper EFT limit can conflict with the
resolution requirements just established.

A covariance matrix alone is not a deterministic error bound. For an explicitly mean-
zero measurement vector with known finite covariance Σ of rank d, the set eT Σ†e ≤ d/α,
restricted to the covariance range, has coverage at least 1 − α by Markov’s inequality applied
to a nonnegative variable of mean d. Under the stronger centered-Gaussian assumption, the
threshold is the corresponding chi-square quantile. Unknown bias needs another nuisance
set; estimated covariance needs a separate coverage argument. Composing a measurement
confidence set with a uniform deterministic EFT set preserves its coverage. If both input sets
are probabilistic, a union bound gives coverage at least 1 −αobs −αEFT without independence.
These probability statements depend on the declared assumptions; the deterministic inverse
theorem supplies no confidence level by itself.

Reproducibility. The standard-library Python code and rational input file retained in the
internal research archive verify the exact residual, finite output bounds, correlation-preserving
supports, four finite nuisance grids with 114 points in total, the old-bound comparison,
exceptional-set failure, and the three window witnesses. Directed rational root enclosures
are used for square roots and forward poles. Finite sampling tests the implementation; the
arguments above prove the continuous-set guarantees. The examples are synthetic and have
no asserted physical realism. No physical data or EFT coefficient bounds are manufactured.
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4 One joint applicability test
The preceding results must be applied to the same parameter set, physical domain and obser-
vations. Separate measurement and EFT windows do not suffice. The following conservative
version uses the original P01 matrix certificate; the structured certificate above can replace it
when its hypotheses hold.

Theorem 1 (Conditional joint applicability). Let Θ be an independently justified set containing
one common admissible reference triple p∗ = (a,B, r) for all observations. Fix the physical
reference mass µ > 0 and three distinct, exactly known xi > 0. Suppose:

1. The corrected kernel, background and observation conventions satisfy the EFT domain
and pole hypotheses at every candidate in Θ. The observed real modes are the certified
continuation poles, with nonzero response in the measured channel. Every pole tube and
all required background, retained-mass and mixing scales lie in the independently justified
validity domain below its applicable cutoff. Stability and physical mode identification are
assumed where not established by the local root theorem.

2. The EFT pole errors have valid uniform bounds τi ≥ supp∈Θ eEFT(xi; p), and the mea-
surement errors in squared frequency obey a simultaneous event |ni| ≤ εi. Thus ei =
(εi + τi)/µ2 bounds the total dimensionless error. A justified joint uncertainty set may
replace this box.

3. Put ui = xi/µ
2, ẑi = ŷi/xi, and form

Âi· = [ui(1 − ẑi),−ẑi, 1], f̂i = uiẑi(1 − ẑi), p̂ = Â−1f̂ = (â, β̂, m̂)T .

Here β = B/µ2 and m = M/µ2; this dimensionless m is not the original dimensional
bare mass. Require Â nonsingular and define

EA = max
i
ei(1 + 1/ui), (53)

Ef = max
i

(
|1 − 2ẑi|ei + e2

i /ui

)
, (54)

α = ∥Â−1∥∞EA < 1, (55)

Ep = ∥Â−1∥∞(Ef + EA∥p̂∥∞)
1 − α

. (56)

4. The sufficient domain margins hold:

â > Ep, m̂ > Ep, β̂ − m̂ > 2Ep.

For a requested true-relative accuracy δB > 0, also require

Ep

β̂ − Ep

≤ δB. (57)

Then on the stated simultaneous event the reference parameters satisfy

|a− â| ≤ Ep, |B − µ2β̂| ≤ µ2Ep, |M − µ2m̂| ≤ µ2Ep,

and |µ2β̂/B − 1| ≤ δB. In particular,

√
B ∈ µ [

√
β̂ − Ep,

√
β̂ + Ep]. (58)
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Writing r̂ = m̂/β̂, a conservative ratio bound is

|r − r̂| ≤ Ep(1 + |r̂|)
β̂ − Ep

.

The analogous bound for N = B − M is 2µ2Ep; the structured projections give sharper alter-
natives. These are reference-parameter statements. A physical heavy-gap interval additionally
requires the separate heavy-pole remainder certificate.

Proof. The pole theorem and the observation assumption put the same reference model’s three
pole values within the total error box. The triangle inequality needs no statistical independence.
Applying P01’s finite matrix perturbation bound yields (56). The domain margins put the
entire parameter box in the open admissible domain. Since B/µ2 ≥ β̂ −Ep > 0, division gives
(57); monotonicity of the square root gives (58). The ratio identity

r − r̂ = (m− m̂) − r̂(β − β̂)
β

gives the displayed ratio bound. No step establishes the existence of the common model or the
physical majorants from the measured fit.

If a simultaneous measurement event has probability at least 1 −γ, the conclusion holds on
that event with the same coverage conditional on the deterministic EFT assumptions. Covari-
ance alone does not define such a bounded event. A probabilistic EFT model needs its own
joint event and coverage accounting. Unknown systematic offsets cannot be silently set to zero.

4.1 A quantitative allocation from kernel control to inverse accuracy

For a selected node design, one can first choose total squared-pole budgets that pass the finite
inverse and target-accuracy inequalities, and then check whether measurement and EFT inputs
fit them. This is an acceptance test for supplied bounds, not a prescription to invent them.

For clarity let the rigorous entry envelope have the form hab ≤ t h̄ab on each fixed tube,
uniformly over Θ, where the dimensionless t ≥ 0 is a certified bound. The determinant formula
yields

ϵF (xi; p) ≤ tLi + t2Qi,

using uniform bounds Li on the sum of the four linear products and Qi on the two quadratic
products. Let Gi > 0 be a uniform lower bound on the squared-pole gap. Choose an allowed
EFT pole error 0 < τi < infp∈Θ ρi(p) with τi < Gi/2. Then

tLi + t2Qi ≤ Ci := τi(Gi − τi) (59)

implies the strict tube test and eEFT(xi; p) ≤ τi for every candidate. A concrete sufficient
threshold, if Li +Qi > 0, is

t ≤ 2Ci

Li +
√
L2

i + 4QiCi

. (60)

If Li = Qi = 0, the determinant bound imposes no additional restriction on t. The common
t must pass all nodes and all independently required expansion and background conditions.
Known contributions that do not scale with t, including loops or matching uncertainty, remain
in the budget and must be included before using this simplified allocation.

To see (59), s(G−s) is increasing for 0 ≤ s < G/2. Thus τi < Gi/2 and τi < ρi(p) < G(p)/2
give

ϵF ≤ τi(Gi − τi) ≤ τi(G(p) − τi) < ρi(p)(G(p) − ρi(p)).
The pole theorem then gives the desired error. Solving the scalar quadratic inequality gives
(60).
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4.2 What a nonempty window means

Define the acceptable design set to be all ordered triples of distinct positive nodes inside the
same validated momentum/frequency domain for which the total-error certificate, domain mar-
gins and requested accuracy pass. It is not necessarily an interval in momentum. A continuous-
window statement additionally requires the EFT/domain bounds for every momentum in that
interval; three samples alone do not establish that statement.

At a fixed interior off-exception model and three fixed distinct nodes with strict domain
and pole-tube margins, sufficiently small measurement errors and sufficiently small controlled
kernel discrepancies pass any fixed positive parameter-accuracy targets: the exact data matrix
is invertible, the bounds vanish continuously with the two errors, and the strict margins persist.
Equations (56)–(60) supply an explicit finite test rather than a universal numerical threshold.
This local nonvacuity does not survive uniformly as the design or model approaches an inverse
degeneracy, nor does it prove that physical uncertainties can be made sufficiently small.

The supplied P01 materials provide no numerical physical cutoff, Wilson/loop majorant or
measurement-error event. Accordingly no numerical physical momentum or energy window is
certified here. Failure of a sufficient test is inconclusive; the separately proved indistinguishable-
model constructions establish impossibility only for their named observation and error classes.

5 Relation to established methods and remaining physical in-
puts

The full targeted source comparison and exact inspected passages are documented in the lit-
erature report retained in the internal research archive. The mixed two-field forward propa-
gator and its poles are prior results: the determinant in Pinol, Renaux-Petel and Werth [8,
eqs. (4.17)–(4.21)] maps algebraically to (1). This formula comparison is not a change of the
calibrated reference metric or an assertion of identical phenomenological assumptions. Achu-
carro et al. [3, eqs. (7)–(11)] already distinguish the mixing-enhanced gap and the scale for a
single-field reduction. That reduction scale does not by itself supply the UV validity cutoff of
the retained two-field theory.

Bounded-error parameter inference by set inversion is established [4]; structural versus
practical identifiability is likewise an established distinction [5]. Adding measurement and
theory discrepancies and retaining correlated EFT remainders also precede this supplement [7].
The naturalness priors of EFT uncertainty analyses [6, 7] do not imply deterministic bounds
for every P01 completion. Analytic matrix perturbation and boundary homotopy provide
the general zero-localization framework [2]. The elementary pole-radius formula used here
specializes that framework to a quadratic baseline determinant. Consistent higher-order field
redefinitions and matching are addressed by Criado and Perez-Victoria [1].

The contribution is consequently a model-specific composition: a declared operator/kernel
envelope is propagated to isolated pole errors and then to a finite inverse certificate, with
explicit observation, matching, heavy-gap and domain qualifications. The symbolic background
examples identify why high operator dimension alone does not force a high external-momentum
remainder. No new general inverse or perturbation method, exhaustive priority result, radiative
protection or guaranteed publication novelty is asserted.

The physical gap in the supplied inputs is specific: neither the P01 action nor the primary
passages examined provide this model’s hard Wilson/loop/background envelope, quantitative
cutoff or experimental uncertainty event. The conditional theorem can be applied when those
inputs are independently supplied. This is a limit of the present information, not a proof that
no UV completion or useful experiment can ever exist.
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